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Abstract. We provide a geometric construction of the unitary structure which is projectively pre- 
served by the Hitchin connection. We analyze the asymptotic behavior of it and we establish that it 
is uniformly in the level equivalent to the Hermitian structure induced by the L2 inner product on 
smooth sections. 

1. Introduction 

Let £ be a closed surface of genus g > 1 and choose a point p on E. Let T be the mapping class 
group of S. We will denote the moduli space of flat SU(2)-connections on £ — {p} with holonomy 
— Id G SU(2) around p by M. It is well known that M carries the Goldman symplectic structure 
u), which is determined by choosing an invariant inner product on the Lie algebra of SU(2). For the 
appropriate choice of scaling of this inner product we get that the class of u> generates H 2 (M, Z) . Let 
now (£, V, (-, •)) be a prcquantum line bundle over (M, w), i.e. the curvature of V is the symplectic 
form 

i*V = — iuj. 

It is well known that T acts by symplectomorphisms on (M, ui) and that this action can be lifted to 
an action of V on C which preserves V and (-, •) (see e.g. [Fr] and [Al]). There is a very natural T- 
cquivariant family of complex structures parametrized by Teichmiiller space T on M . Suppose a G T 
is a complex structure on X. Then we can consider the moduli space of stable holomorphic bundles of 
rank 2 and determinant isomorphic to [p] on the Riemann surface S CT . This moduli space is naturally a 
complex manifold M a and by the theorem of Narasimhan and Scshadri, we get a natural diffcomorphism 
of the underlying smooth manifold of M a to M. This structure in fact depends holomorphically on 
a G T. The complex structure on M a combines with the connection V to produce the structure of 
a holomorphic line bundle on £ over M a , and one gets a vector bundle H^ k ' over T, with fiber at a 
given by 

ffW =H°(M a ,C h ). 

There is a natural holomorphic structure in the bundle H^ k > over T ■ The main result pertaining to 
this bundle is: 

Theorem 1.1 (Axelrod, Delia Pictra and Wittcn; Hitchin). The bundle H 1 -^ suppors a natural pro- 
jectively flat V -invariant connection V. 

This is a result proved independently by Axelrod, Delia Pietra and Witten [ADW] and by Hitchin 
[H]. In Section 2, we review our differential geometric construction of the connection V in the general 
setting discussed in [A9]. 
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Definition 1.2. For a given k € N, a Hermitian structure (•, •) on is said to be projectively 

preserved by the Hitchin connection, if there exists a 1-form a £ ^(T) such that for all vector fields 
V on T and all s u s 2 E C°°(T, i? (fc) ), we have that 

V[(si, s 2 )] - (Vysi, s 2 ) - (si, Vys 2 ) = a(y)(ai, s 2 ). 

Two Hermitian structures on H ^ are called projectively equivalent if there exists a smooth function 
c defined on 7" such that eld induces an isometry between the two structures. A projective Hermitian 
structure is by definition an equivalence class of a Hermitian structure on H^ k \ 

Remark 1.3. We observe that a projective Hermitian structure (•, •) on induces a Hermitian struc- 
ture on End(H^) and that two Hermitian structures on induces the same Hermition structure on 
End(iJ( fe )) if and only if they are equivalent. Moreover, a Hermitian structure on is projectively 
preserved by the Hitchin connection if and only if the induced Hermitian structure on End(i?( fe )) is 
preserved by the connection in End(H^) induced by the Hitchin connection. 

We construct in this paper, for each k, a specific projective Hermitian structure (■,•) m H^ k \ 
which is projectively preserved by the Hitchin connection V. This structure is determined by having 
a certain asymptotics at particular boundary points of Teichmiiller space, which corresponds to pair 
of pants decompositions of the surface E . Let us now discuss this asymptotics. First we review the 
constructions of [JW] and the degeneration result of [A3] . 

Suppose P is a pair of pants decomposition of E. By mapping a flat SU(2)-connection to the traces 
of its holonomy around each of the curves in P, we get a smooth map hp : M — > [— 2,2] 3s ~ 3 . The 
fibers of this map are the so-called Jeffrey- Weitsman real polarization Fp on the moduli space M. 
The fibers over the part of the image which is contained in (—2, 2) 3g ~ 3 arc Lagrangian sub-tori of M. 
Fibers which map to the boundary of the image hp(M) C [— 2,2] 39-3 are singular. We will give a 
precise description of them in Section 3. 

The geometric quantization of the moduli space M with respect to the real polarizations Fp was 
studied by Jeffrey and Weitsman in [JW]. In general, when one quantizes a compact symplectic 
manifold with respect to a real polarization with compact leaves, one needs to consider distributional 
sections of the prcquantum line bundle, which are covariant constant along the polarization (see e.g. 
[Wo], [A3] and [Al]). One finds that these distributional sections are supported on the so-called 
Bohr-Sommerfeld fibers of the polarizations. 

Definition 1.4. Let denote the vector space of distributional sections of C k over M, which are 
covariant constant along the directions of Fp. A leaf L of Fp, i.e. a fiber of hp, is called a level k 
Bohr-Sommerfeld fiber if (C k , V)|l is trivial. We denote the set of level k Bohr-Sommerfeld fibers by 
B k (P). 

We observe that if L is a leaf of Fp, then L is a level k Bohr-Sommerfeld fiber if and only if (C k , V)|l 
admits a covariant constant section defined on all of L. By choosing a covariant constant section of 
(£ k , V)|i for each L £ B^(P) and considering them as distributional section of C k over M, we obtain 
a basis for H p k \ The main result of [JW] is that 

dim if W = dimif^ 

for all a S T and every pair of pants decomposition of E. 

Consider a family at, t £ R+ U {0} obtained from some arbitrary starting point cto € T, such that 
at is obtained from cto by insertion of a flat cylinder of length t into the cut of E along each of the 
curves in P. We have the following theorem from [A2]. 

Theorem 1.5. The complex polarizations on M induced from a t converge to Fp as t goes to infinity. 
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Let 

P t {<r ,P):HjV ->H<$ 

be the parallel transport with respect to the Hitchin connection in H^ 1 over T along the curve (<r s ), 
s G [0, t\. In Section 3, we will show that there exists a limiting linear map 

(1) Pnitro^-.HW^HP. 
We further establish the following result in Section 4. 
Theorem 1.6. The map (1) is an isomorphism. 

Jeffrey and Weitsman also describe the set Bk(P) explicitly in [JW] as follows. We can associate to 
P a trivalent graph Ep as follows. Each pair of pants is represented by a vertex and two vertices are 
connected by an edge if they are adjacent on the surface E. 

By the definition of hp above, we see that the set of leaves of Fp is identified with a subset of the 
set of maps from the set of edges Er P of Tp to [—2,2]. By identifying [0,k] with [—2,2] using the 
bijection 

t M> 2 cos(-irt/k), 

we can consider the set of leaves of Fp as a subset of the set of maps from Er P to [0,k]. For each 
vertex v in the set of vertices Vp P in Tp, we let ei(v),e2(v) and e^iv) be the three edges emanating 
from v. 

Definition 1.7. For each pair of pants decomposition P of E, 

{/(e) G 2Z if e G Er P is separating 
I : E Vp -> {0,...,k} ^(^y^^y^))) is admissib ie W eVr P j'' 

where a triple of integers (li, I2, 13) is said to be admissible if the following three conditions are satisfied. 

\h-h\ <h<h + h, 
h + h + h< 2k, 
h + h + h G 2Z. 

Theorem 8.1 in [JW] states that 
Theorem 1.8 (Jeffrey- Weitsman). Under the above identification we have that 

B k (P) = L k {P). 

We recall that the Reshetikhin-Turaev TQFT assigns a Hcrmitian vector space to E, which given 
the pair of pants decomposition P of E is provided with a basis indexed exactly by Lk(P) [RT1] , [RT2] , 
[T]. We also refer to the skein theory model of Blanchct, Habcggcr, Masbaum and Vogel, [BHMV1], 
[BHMV2], [Bl]. We let the vector corresponding to I G Lk(P) be denoted by vi. By Theorem 4.11 in 
[BHMV1] we have that the basis is orthogonal and the norms are given by the following formula 

(2) [VhVl]=v rww' 

where 

77 = sJ— sin(7r/r) 

with (j) = (— iy [j + 1] for any integer j, and for any triple of integers (a, b, c), 



(a h r) ( ir +^ [a + /3 + 7+1]![a]![ ^ ![7]! 
^ '°' c; ~ l ' [a]l[b]l[c}\ 
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with 

a = /3 + 7, b ~ a + ■y, c = a + (3, 

and 

sm(jn/r) 
sin(7r/r) 

Furthermore, r = k + 2. Wc observe that (2) is positive for all I £ Lfe(P). We now introduce an 
orthonormal basis Vi, I £ Lk (P) , given by 

Vl 

vi = -. 

As will be demonstrated in this paper, the basis vector vi correspond to a covariant constant section 
of C k of unit norm over the leaf of Fp corresponding to I. We therefore define a Hermitian structure 
(•, in H p k ^ as follows. Suppose Si,s 2 £ H p k \ then for each L £ -Bfc(-P) we have that Si, i = 1,2, 
are covariant constant sections of £ k \L- Hence we see that (s\, s 2 ) is constant along the leaves of P in 
B>k(P) and thus (si,S2) becomes a function on Bk(P). Under the above identification of B>k(P) with 
Lfc(P), we can thus interpret (s\, s 2 ) as a function defined on Lfc(P). 

Definition 1.9. For any si,s 2 £ H p k) wc define 

(si,S 2 )p } = ^ ( S 1' S 2>(0- 

ieL k (P) 

We observe that (•, -)p is positive definite. We proof the following theorem in Section 7. 

Theorem 1.10. There is a unique projective Hermitian structure (•, •)(*' in which is projectively 
preserved by the Hitchin connection, projectively invariant under the mapping class group action and 
satisfies the following asymptotics: For any ao £ T and pair of pants decomposition P o/S, we have 
that 

P^P) : «•),(, ■ )&>) _> {Hp k \ (, -)f) 

is a projective isometry. 

We recall that we also have the L 2 -Hermitian structure on given by 

( \( fc ) f i \ w " 

J M n - 

for any two sections si and s 2 of H^ k \ Wc now wish to compare (-,-)l2 with (-,-)( fe ). Let {-,-}^ 
respectively {-,-}^ be the Hermitian structures induced on End(-ff' fc ') = ® (H^)* by {■,■)]*} 
respectively (•, -)( k \ 

We will show in Theorem 8.4 that the inner product (si, s 2 ) ( - fe - ) has a representative of the following 
form: 

Theorem 1.11. There exist functions £ C°° (T ', C°° (M)) , such that 

(-i,«a)?> = f (SUS 2 )G^ 
Jm ml 

for si,s 2 £ H°(M a ,C k ), which has the asymptotic expansion 

= exp(-F ff + 0(1/*)) 
for all a £ T, where F a £ C°°(M) is i/ie Ricci potential for {M ai ui). 
From this theorem, we immediately get the following corollary. 
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Corollary 1.12. The Hermitian structures {-, -}( fe ' on End(H^) are uniformly equivalent to {-, , 
i. e. for each a G T £/iere is a constant c a independent of k such that 

c?\A\<$ <\A\W <c a \A\<-$ 

for all A G End{H„) and all k, where respectively \-\^ are the norms associated to {vj-^a 

respectively to {•,•} ■ 

Acknowledgements. We thank Gregor Massbaum, Nicolai Reshetikhin, Bob Penner, S0ren Fu- 
glede J0rgensen, Jakob Lindblad Blaavand, Jens-Jakob Kratmann Nissen and Jens Kristian Egsgaard 
for helpful discussion. 

2. The Hitchin connection 

In this section, we review our construction of the Hitchin connection using the global differential 
geometric setting of [A9]. This approach is close in spirit to Axelrod, Delia Pietra and Witten's in 
[ADW], however we do not use any infinite dimensional gauge theory. In fact, the setting is more 
general than the gauge theory setting in which Hitchin in [H] constructed his original connection. But 
when applied to the gauge theory situation, we get the corollary that Hitchin's connection agrees with 
Axelrod, Delia Pietra and Witten's. 

Hence, we start in the general setting and let (M, uS) be any compact symplectic manifold. 

Definition 2.1. A prequantum line bundle (£, (•, •), V) over the symplectic manifold (M,w) consist 
of a complex line bundle C with a Hermitian structure (•,•) and a compatible connection V whose 
curvature is 

F V (X,Y) = [Vx, Vy] - V [x ,f] = -MX,Y). 

We say that the symplectic manifold (M, ui) is prcquantizable if there exist a prequantum line bundle 
over it. 

Recall that the condition for the existence of a prequantum line bundle is that 

G Im(H 2 {M, Z)^H 2 (M,R)). 

Furthermore, the inequivalent choices of prequantum line bundles (if they exist) are parametriced by 
H l (M,U(l)) (see e.g. [Wo]). 

We shall assume that (M,u) is prequantizable and fix a prequantum line bundle (£, (•, •), V). 

Assume that T is a smooth manifold which smoothly parametrizes Kahler structures on (M,lo). 
This means that we have a smooth 1 map I : T — > C°°(M, End(TM)) such that (M, cj,/<t) is a Kahler 
manifold for each a G T. 

We will use the notation M a for the complex manifold (M, I a ). For each a G T, we use I a to split 
the complexified tangent bundle TMc into the holomorphic and the anti-holomorphic parts. These we 
denote by 

T a = E(I a , i) = lm{U-ih) 

and 

f tT = E(I (T ,-i) = lm(Id 

respectively. 



^^Here a smooth map from T to C°°(M, W), for any smooth vector bundle W over M, means a smooth section of 
7rJ f (W) over T X M, where ttm is the projection onto M. Likewise, a smooth p-form on T with values in C°°(M, W) 
is, by definition, a smooth section of ir^-A p (T) §5 7r^- (W) over T X M. We will also encounter the situation where we 
have a bundle W over TxM and then we will talk about a smooth p-form on T with values in C°°(M, Wa) and mean 
a smooth section of irt-A p (T) ® W over T X M, 
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The real Kahlcr-mctric g CT on (M a ,Lo), extended complex linearly to TMc, is by definition 

(3) 9<7 (X,Y)=oj(X,I a Y), 

where X, Y € C°°(M, TM C ). 

The divergence of a vector field X is the unique function S(X) determined by 

(4) C x uJ m = 5(X)Lu m , 

with m = dimM. It can be calculated by the formula 8(X) = Ad(ixu>), where A denotes contraction 
with the Kahlcr form. Even though the divergence only depend on the volume, which is independent 
of the of the particular Kahler structure, it can be expressed in terms of the Levi-Civita connection 
on M a by 8(X) = tiV a X. 

Inspired by this expression, we define the divergence of a symmetric bivector field 

B £ C°°(M, S 2 (TM C )) 

by 

5 a {B) = trV CT B. 

Notice that the divergence of bivector fields does depend on the point a E T ■ 

Suppose V is a vector field on T. Then we can differentiate / along V and we denote this derivative 
by V[I] : T -^C°°(M,End(TM c )). Differentiating the equation I 2 = - Id, we sec that V[I] anti- 
commutes with I. Hence, we get that 

V[I] a e C°°(M, (f* ® T a ) © (T* ® f a )) 

for each a S T. Let 

V[I] a = V[It + V[It 

be the corresponding decomposition such that V[I]' a € C°°(Af, f*®T a ) and V[I]' a £ C°°(M, T;®f a ). 

Now we will further assume that T is a complex manifold and that / is a holomorphic map from T 
to the space of all complex structures on M . Concretely, this means that 

V'[I]a = V[I]' a 

and 

V"[I] a = V[I] a 

for all a G T, where V means the (1, 0)-part of V and V" means the (0, l)-part of V over T. 
Let us define G(V) E C°°{M, TM C <E> TM C ) by 

V[I] = G(V)iv, 

and define G(V) € C°° (M, T a ® T a ) such that 

G(V) = G(V) + G(V) 

for all real vector fields V on T ■ 

We sec that G and G arc one-forms on T with values in C°° {M, TM C ® TM C ) and C°° ( M , T CT ® T CT ) , 
respectively. We observe that 

V'[I\ = G(V)u>, 

and G(F) = G(V). 

Using the relation (3), one checks that 

G(V) = -V[g- 1 ], 

where € C°°(M, S 2 (TM)) is the symmetric bivector field obtained by raising both indices on the 
metric tensor. Clearly, this implies that G takes values in C°°(M, S 2 (TMc)) and thus G takes values 
in C°°(M, S 2 (T a )). 
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On C , we have the smooth family of 3-operators V defined at a 6 T by 

vr = ^(i+ij CT )v. 

For every cr e T, we consider the finite-dimensional subspace of C°°(M,C k ) given by 

= £ fe ) = {s G C°°(M, | V°' x s = 0}. 

Let V* denote the trivial connection in the trivial bundle = T x C°°(M,C k ), and let V(M,C k ) 
denote the vector space of differential operators on C°°(M, C k ). For any smooth one- form u on T with 
values in V(M, C k ) 7 we have a connection V in T-L^ k > given by 

Vy = V* v - u(V) 

for any vector field V on 7". 

Lemma 2.2. TTie connection V m "H^* 1 preserves the subspaces H^ k) C C°°(M,C k ), for all a G T, 
zf and emfo/ if 

(5) ^l/[/]V 1 -°s + V o - 1 u(y)s = 

/or a/Z vector fields V on T and all smooth sections s of H^ k ' . 

This result is not surprising. See [A9] for a proof this lemma. Observe that if this condition holds, 
we can conclude that the collection of subspaces H„ C C°°(AI, C k ), for all a G T, form a subbundle 
of 

We observe that u(V") = solves (5) along the anti-holomorphic directions on T since 

V"[I]V lfi s = 0. 

In other words, the (0, l)-part of the trivial connection V* induces a 9-operator on and hence 
makes it a holomorphic vector bundle over T ■ 

This is of course not in general the situation in the (1, 0)-direction. Let us now consider a particular 
u and prove that it solves (5) under certain conditions. 

On the Kahlcr manifold (A/ CT , w), we have the Kahler metric and we have the Levi-Civita connection 
V in T a . We also have the Ricci potential F a G Cg°(M,R). here 



C%°(M,R) = j/ G C°°(M,R) | J fu m = 

The Ricci potential is the element of F a G (M, R) which satisfies 

Ric CT =Ricf +2id a d rT F„, 

where Ric^ G f2 1,1 (M (T ) is the Ricci form and Ric^ is its harmonic part. In this way we get a smooth 
function F : f^C^M,!), 

For any symmetric bivector field B G C°°(M, S 2 (TM)) we get a linear bundle map 

B : TM* -¥ TM 

given by contraction. In particular, for a smooth function / on Af, we get a vector field 

Bdf G C°°(M, TM). 

We define the operator 

A B : C°° (M, C k )^C°° (AT, TAf* ® C k ) C*°° ( M , TAf ® £ fe ) 

v g ®id + id®v ) C oo( Mi TM * g TM (g) c k )^ C°°(Af, 
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Let's give a more concise formula for this operator. Define the operator 

^x,y = VxVy — Vv x Y, 

which is tensorial and symmetric in the vector fields X and Y . Thus, it can be evaluated on a symmetric 
bivector field and we have 

As = V| + V 4( b). 

Putting these constructions together, we consider, for some n G Z such that 2k + n ^ 0, the following 
operator 

(6) uiV) =kTW2 0{V) ~ V/[n 
where 

(7) o{V) = -\(A G(V) + 2V G[v)dF - 2nV'[F}). 

The connection associated to this u is denoted V, and we call it the Hitchin connection in W^'. 
Following [A9] , we now introduce the notion of a rigid family of Kahlcr structures. 

Definition 2.3. We say that the complex family I of Kahlcr structures on (M, oj) is rigid if 

d a {G{V) a ) = 

for all vector fields V on T and all points a G T. 

We will assume our holomorphic family / is rigid. There are plenty of examples of rigid holomorphic 
families of complex structures, see e.g. [AGL]. 

Theorem 2.4. Suppose that I is a rigid family of Kahler structures on the compact, prequantizable 
symplectic manifold (M, w) which satisfies that there exists an n G Z such that the first Chern class of 
(M,u) is n[jfc] G H 2 {M,Z) and H 1 (M, R) = 0. Then u given by (6) and (7) satisfies (5) for all k 
such that 2k + n =/= 0. 

Hence, the Hitchin connection V preserves the subbundle H^ k > under the stated conditions. Theo- 
rem 2.4 is established in [A9] through the following three lemmas. 

Lemma 2.5. Assume that the first Chern class of (M, u>) is n[^-] G H 2 (M,Z,). For any a G T and 
for any G G H (M a , S 2 (T a )), we have the following formula 

V°' 1 (A G (s) + 2\7 GdFa {s)) = -i(2k + n)uGV(s) + 2ikuj(GdF a )s + ikujS a (G)s, 
for all s G H°(M a ,C k ). 

Lemma 2.6. We have the following relation 

4id a (V'[F] a ) = 2{G{V)dF) a u + 6 a (G(V))„u, 
provided that if^MjR) = 0. 

Lemma 2.7. For any smooth vector field V on T , we have that 

(8) 2(F'[Ric]) 1 < 1 = d(6(G(V))uj). 

Let us here recall how Lemma 2.6 is derived from Lemma 2.7. By the definition of the Ricci potential 

Ric = Ric ff +2iddF, 
where Ric ff = nco by the assumption a(M,u>) = n[^]- Hence 

y' [Ric] = -dV'[I]dF + 2iddV'[F], 
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and therefore 

4iddV'[F] = 2(^'[Ric]) 1 ' 1 + 2dV'[I]dF. 

From the above, we conclude that 

{2(G(V)dFp + 6(G{V))uj - AidV'[F]) a e fl°/(M) 

is a c^-closed one-form on M. From Lemma 2.5, it follows that it is also <9 CT -closed, hence it must be 
a closed one- form. Since we assume that H 1 (M,M) = 0, we see that it must be exact. But then it in 
fact vanishes since it is of type (0, 1) on M„. 
From the above we conclude that 

<V) = JT^oiV) - V'[F] = -4^(A GW + 2V G(y)dF 4- 4*^ 

solves (5). Thus we have established Theorem 2.4 and hence also provided an alternative proof of 
Theorem 1.1. 

In [AGL] we use half-forms and the metaplcctic correction to prove the existence of a Hitchin 
connection in the context of half-form quantization. The assumption that the first Chern class of 
(M, oj) is n[-^] € H 2 (M,7t) is then replaced by the vanishing of the second Stiefel- Whitney class of 
M (see [AGL] for more details). 

Suppose r is a group which acts by bundle automorphisms of C over M preserving both the Hcr- 
mitian structure and the connection in C. Then there is an induced action of T on (M,co). We will 
further assume that T acts on T and that / is T-equivariant. In this case we immediately get the 
following invariance. 

Lemma 2.8. The natural induced action ofT on %w preserves the subbundle and the Hitchin 
connection. 

Remark 2.9. We remark that if M is not compact, but we know there exist a family of functions 
F : T -> C°°(M) which solves 

Ric = + 2iddF, 

then all the rest of the proof of Theorem 2.4 is local and thus it applies in the noncompact case as well, 
and the theorem remains valid in this more general case. We further observe from the above argument 
that if the family / satisfies F a = for all a 6 T, then the above construction also gives a Hitchin 
connection, which in that case is simply given by 

An example of this is if M is a torus and / is a family of linear complex structures on M, see e.g. 
[AB]. 

3. Non-negative polarizations on moduli spaces 

In this section we review the setting and results from [A3] and we discuss the immediate general- 
izations to surfaces with marked points. 

Let E be a closed oriented surface and let R be a finite set of points on E and set E = E — R. 

Definition 3.1. A system P of q disjoint closed curves on E is called admissible if no two curves from 
the system are nomotopic on E and none of the curves are null-homotopic on E nor homotopic on E 
to a curve which is contained in a disc-neighborhood of one of the points in R. 

For an admissible system of curves P on E, let E be the complement in E of the curves in P. 
Suppose Co is any assignment of conjugacy classes of SU(2) to each of the points in R. Let N be the 
moduli space of flat SU(2)-connections on E with holonomy around each of the points in R contained 
in the conjugacy classes determined by cq. 
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We let hp : N — > [—2, 2] p be the map which maps a connection to the trace of the holonomy around 
the curves in P. We let N c = hp(c) for all c G [— 2,2] p . Consider the moduli space N consisting 
of flat connections on E with holonomy around each of the points in R contained in the conjugacy 
class determined by Co- Let N c be the subspace of N consisting of the connections, which also has 
holonomy around each of the two boundary components corresponding to any curve 7 G P given by 
0(7). The projection map 

7T : N -> N 

induces projection maps 

ir c : N c -> N c . 

For each of the conjugacy classes 0(7) G [—2, 2], 7 G P, we choose an element in the conjugacy class 
and let ^(7) be the centralizer of this element in c(j). Hence we see that for c(j) G (—2, 2), we have 
that Z c (y\ = U(l), and for 0(7) = ±2, we have that Z c uj\ = SU(2). Furthermore, if we have a flat 
connection A on E, representing a point in A fc , we define Z A to be the automorphism group of A. 
Now fix a flat connection A on E such that [A] G iV c and 7r c ([A]) = [A]. If we fix paramctrizations of 
each of the components of a tubular neighborhood of P by S 1 x (—1, 1), which for each 7 € P maps 
S 1 x {0} to 7, we can assume that A restricted to each component of this tubular neighborhood is 
of the form A = £ 7 dO, where 9 is a coordinate on S* 1 and £ 7 € su(2) such that exp(£ 7 ) G 0(7) is the 
chosen element in the conjugacy class for all 7 G P. We can now associate to any element in the Lie 
group 

a broken gauge transformation with support in the chosen tubular neighborhood of P, such that 
the restriction of g z to the connected component around 7 is given by g — exp(i/)(t)r?(7)), where 
2(7) = exp(?7(7)) and ip : (—1, 1) — > [0, 1] is identically zero on (0, 1) and near — 1, and it is identically 
1 on (—£,0], for some small positive e. 

From this, it is clear that the Lie group Z^ acts on Z c and we have the following Lemma from [A3]. 

Lemma 3.2. We have a smooth Z ^-invariant surjective map 

$ A :Z c ^it- l {[A]), 

given by mapping g G Z c to g* A. This map induces an isomorphism 

<S> a :Z c /Z a ^-k: x ([A]). 

We observe that Z ^ is isomorphic to a product of Lie groups. The product is index the components 
of E and the Lie groups are of sub-groups of SU(2) from the following list: SU(2), ^su(2) = {± Id}, or 
a conjugate of U(l) C SU(2). 

We denote by Cn the Chern-Simons line bundle over N constructed in [Fr]. Cm is a topological 
complex line bundle over N. Moreover, there is a well-defined notion of parallel transport in this 
bundle along any curve in N which can be lifted to a piecewise C^-curve of connections. Over the 
dense smooth part N' of N, Cm is equipped with a preferred Chern-Simons connection, whose parallel 
transport induces this parallel transport. 

Since Cm is constructed in [Fr] on the space of connections on E with holonomy contained in Co, 
we see in fact that we get a well-defined line bundle Cm, a over Z C A = Z c , with an induced action 
of Z4, with the property that there is a natural Z^-cquivariant isomorphism from Cm, a to <&* a (Cm)- 
From this we see that the restriction of smooth sections of C k N to 7r~ 1 ([A]) gets pulled back by <3>a 
to Z^-invariant smooth sections of the smooth bundle C N A over Z c . This gives us a means to use 
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differential geometric techniques to study these restrictions, even though these fibers sometimes are 
singular. 

Definition 3.3. The Bohr-Sommerfeld set Bk{P) associated to P on E' is by definition the subset of 
c's in hp(N) c [— 2, 2] p , for which the holonomy in C%\n c along the fibers of ir c is trivial. 

We remark that if c 6 Bk(P), there is a unique complex line C c ^ over N c and a preferred isomor- 
phism 

7Tc(£c,fc) = £^|at c . 

Let a be a complex structure on E with the following property: 

(1) The complex structure a restricted to each of the components of a tubular neighborhood of 
the curves in P are conformally equivalent to semi- infinite cylinders. 

(2) The complex structure a extends over the points in R. 

The following theorem is an immediate generalization of Theorem 5.1 in [A3]. 

Theorem 3.4. The structure (P, a) induces a non-negative polarization Fp 5 on N, with the following 
properties: 

• The coisotropic leaves of Fp - are given by the fibers N c , c G [—2, 2] p . 

• The isotropic leaves of Fp 9 in N c are fibers of ir c : N c — > N c , for all c G [—2, 2} p . 

Definition 3.5. Let Hp_ denote the vector space of distributional sections of C% over N, which are 
covariant constant along the directions of Fp -. 

We have the following factorization theorem, which is an analogue of the factorization theorem in 
[A2]. 

Theorem 3.6. We have the following natural isomorphism: 

c£B k (P) 

Proof. The theorem follows directly from the arguments presented in [A2] . First one observes that for 

any c G hp(N), the holonomy is trivial along some generic fiber of n c if and only if it is trivial along all 

the generic fibers of n c . This follows since the symplcctic annihilator of TN C is ker(7r c )„ at a generic 

(fc) 

point of N c . From this one concludes that the support of any distribution in Hp L must be contained 

in hp 1 (Bk(P))- For each c in Pfc(P) one then observes that a distribution in Hp_ can be restricted 
to N c , and here it must be covariant constant along the fibers of ir c and hence induces a section in 
£c,fc ov cr N c . By analyzing the distributional section restricted to N c in the transverse directions to 
the fibers of 7r c , one finds that the induced section of C c .k over N c must be holomorphic with respect 
to the complex structure induced on N c by a. □ 

Suppose we now have a complex structure tro on E, which extends over E. We now construct a 
family of complex structures <j t on E, obtained from <to by cutting E along each of the curves in P and 
gluing in flat cylinders of length t to each of the two copies of each curve in P, for all non-negative 
t. The complex structures <r t on E induce complex structures on N . When identifying the surface wc 
obtain by cutting E along P and then attaching semi-infinite flat cylinders to all boundary components, 
with E, we obtain a complex structure on E, which we denote a. 

The following theorem is an immediate generalization of Theorem 6.2 of [A2]. 

Theorem 3.7. The complex structures on N induced from the complex structures at converge to the 
non-negative polarization Fp - as t goes to infinity. 
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4. The asymptotics of the Hitchin CONNECTION under DEGENERATIONS 

In this section we prove Theorem 1.6. We consider the more general setting discussed in Theorem 3.7 
from the previous section. However, we only need the following special cases: 

(1) The surface £ is of genus g > 1 and R consists of one point, 

(2) The surface £ is a torus and R consists of one point, 

(3) The surface £ is a sphere and R consists of four points. 

We recall that the moduli space N of interest is the moduli space of flat connections on £ with 

holonomy around each of the points in R determined by Co- 
in the case (1) we will only be interested in the moduli space N = M of flat connections on E with 

holonomy c = {— Id} around the one point p in R. Consider a point a G T. 

A holomorphic vector bundle E Eg is semi-stable if for every proper holomorphic subbundlc 

F C E we have the following conditions on the slope fj, of E, and F 

dcg(F) m dcg(£) 

~rk(F)~ = MF) " * E) = MET' 
A holomorphic vector bundle is called stable if the inequality is strict. 

To each semi-stable vector bundle there exists a unique (up to isomorphism) filtration called the 
Jordan-Holder filtration 

= E o c---cE m = E, 
with the property that the slopes of each of the quotients is the same as the slope of E, i.e. 

fi(E i+1 /Ei)=fi(E), 

and each quotient Ei + \/Ei is a stable vector bundle. We then define the associated grated vector 
bundle 

Gr(E)=Q(E i+1 /E i ). 

i 

Two holomorphic vector bundles E, E' are S-cquivalent if and only if their associated grated vector 
bundles are isomorphic, i.e. 

E ~ s E' if and only if Gr(E) ~ Gr(E'). 

Theorem 4.1 (Narasimhan & Seshadri). The moduli space of S- equivalence classes of semi-stable 
bundles of rank n and determinant O a ([p\) is a smooth complex algebraic projective variety isomorphic 
as a Kdhler manifold to M a 

This theorem is proven by using Mumford's Geometric Invariant Theory. 

Hence we see that T parametrizes complex structures which arc all Kahlcr with respect to the 
symplectic structure u> on M. To get uniform notation we will in this case (1) also use the notation 7~ 
for T. 

In the cases (2) and (3) we arc interested in arbitrary rational holonomies around the points in R, 
hence we need on the algebraic side to consider moduli space of parabolic vector bundles on £ with 
the parabolic structures located at the points R with respect to some point a in the Teichmiiller space 
toft. 

Definition 4.2. Let Eg- be a compact Riemann surface with distinct marked points R C Sg., and 
E — > Eg- a holomorphic vector bundle of rank r. A parabolic structure on E — > Eg- at p £ S is a choice 
of partial flag 

E p = Ep D Ep D ■ ■ ■ D E 1 ^ D 

with a set of parabolic weights 

wxip) <■■■ < to r (p)(p), with «V(p)(p) ~wi(p) < 1. 



UNITARITY OF THE HITCHIN CONNECTION 



13 



Multiplicities are denoted by rrij(p) = dim£^ — dim£2 + . 

A parabolic vector bundle on Eg is a holomorphic rank r vector bundle E — > Eg with a choice of 
parabolic structure at each marked point . 

In order for the moduli space of parabolic vector bundles to have nice geometric structure we need 
to impose stability conditions on the parabolic vector bundles - just as in the case of ordinary vector 
bundles. 

The parabolic degree of a parabolic vector bundle E — > Eg. is defined by 

pdeg(£) = deg(£) + ^ZIZ m,(p)w l {p). 

p£R i 

The parabolic slope of E is 

n(E)=pdcg(E)/vk(E). 

Every holomorphic subbundle F of E naturally has a parabolic structure at each of the marked points 
p G R by defining 

f p n El d f p n El d ■ ■ ■ d f p n £; (p) d o, 

and removing repeated terms. The weights are the largest of the corresponding parabolic weights from 
E, i.e wf{p) = ma Xj { W3 \ F p C\E p = Fg}. 

As with vector bundles we now define stable parabolic vector bundles as those where for each proper 
subbundle F C E we have 

pdeg(F) pdeg(£Q 

MF) = ~mfY < = M } - 

The weights give the connection between the moduli space of parabolic vector bundles to the moduli 
space of flat unitary connections with holonomy around the punctured marked points being these 
weights. This is the Mehta-Seshadri theorem [MeSe]. 

Theorem 4.3 (Mehta-Seshadri). Let Eg be a surface as above and R C Eg a set of marked points 
of Eg. Then there is a one-to-one correspondence between the moduli space of irreducible unitary 
connections on Eg — R with holonomy around p € R having eigenvalues 

|g27rrai(p) e 2niw 2 (p) ^2isiw r{v) (p) j 

each e 2 ^ lw i(p) with multiplicity rrii(p), and the moduli space of parabolic vector bundles with parabolic 
degree zero on Eg with weights and multiplicities specified by the above data. 

We will in the following only be interested in the case of SU(2)-connections corresponding to rank-2 
degree parabolic vector bundles. Furthermore we will only be interested in the cases where the 
Riemann surface is a torus with a single marked point and the sphere with four marked points. 

At the marked points for a rank-2 parabolic vector bundle there is only a two step filtration, 

E = E\ D El D 0, 

for p e R. The weights must satisfy w<i (p) — w\ (p) < 1 and w\ (p) < W2 (p) ■ If the parabolic vector 
bundle should correspond to a flat unitary connection the parabolic degree of E must be zero, so 

= pdcg(^) = deg(£) + ^ wi(p) + w 2 {p). 

pes 

At each marked point p € R the holonomy of the connection around that point is conjugate to 
diag(e 27rm,1 ( p ), e 27Tlw ' 2 ^). Since this matrix must be an SU(2) matrix wi(p) + W2(p) must be an integer. 
Since deg(E) = we all in all have Wi(p) G (—5, 3)- The consequence is that w\{p) + w^ip) = and 
finally that w\{p) = —W2(p)- Since wi(p) < W2(p) we get that W2(p) =s p £ [0, \) and w\(p) = —s p £ 
(-1,0]. 
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Let L be a proper line subbundle of E — > Eg-. If we assume E to be parabolically stable then 
pdeg(L) < 0. For a marked point p the filtration of L p has only one step, and is 

L p = L p H E p D L p n Ep = 

' p 

In the case L p ^ Ep the weight is w\(p) = —s p while if L p = Ep the weight jumps to w\(p) = s p . 

In all of the three cases (1) - (3) above, we get a family of complex structures I on N parametrized 
by T. We denote N with the complex structure 1(a) by N& for a £ T ■ We let denote the vector 




bundle over T, whose fiber over a £ T is H°(Na, C%) 



Lemma 4.4. In i/ie cases (1) — (3) above, we have that N and I satisfy either the assumptions of The- 
orem 2.4 or those of Remark 2.9, hence in all cases we have a Hitchin connection which is protectively 
flat. 

Proof. In the case (1) this was demonstrated by Htichin in [H]. The cases (2) and (3) follow from the 
special considerations in Sections 5 and 6. □ 

Consider the family cr t constructed in the previous section from the starting data (&o , P) ■ Let 

P t (a ,P):H { S -+Hg> 

be the parallel transport with respect to the Hitchin connection in over T along the curve (a s ), 
s £ [0,t]. 

Let c £ [—2, 2] p and consider the subspace N c C N. Consider a point x in N' (N' being the manifold 
of smooth points of N), which is also a smooth point of 7V C . For each t, let I t be the corresponding 
complex structure on N. A covariant constant section s t £ H% , t £ [0, 00), of the Hitchin connection 
along the curve a t satisfies the following equations: 

s t = u (°t)(st), 

and 

for all vector fields X and all t. Since the curves in P are non-intersecting, the corresponding holonomy 
functions Poisson commute, hence we have that TN C is coisotropic, thus TN° C TN C , where (■)" 
refers to the symplectic complement. We observe that TN^ 1 = I t (TN°), where (■) ±t refers to the 
orthogonal complement with respect to the metric induced by w and it . From this we get the following 
decomposition: 

(9) TN\ Nc =TN c ®I t (TN°). 

For any section X of 7W|jv c , we define X 1 a section of TN° and X" a section of I t (TN®) such that 
X = X' + X". 

Theorem 4.5. Suppose so £ ' . Then St|jv e only depends on sq\n c and we have that 

(10) (*tk)' = «c(5t)(«tk), 

where u c (a' t ) is a second order differential operator acting on C°° '(N c , £%\n c ) depending linearly on 
a' t . Moreover, the limit 

(11) w Ci00 = lim Uc(a' t ) 

t— >oc 

exists, and the operator u CtOC is a second order differential operator acting on sections of C^\n c , whose 
kernel consists of sections of £ > jy\jy c that are covariant constant along the directions of Fp s fl Fp 5 . 
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We will use the following notation 

u c .t = u c (a' t ). 

Proof. For X a smooth section of TN\n^, we have that 

Vx = Vx' - iV/(x")i 
and if Y is a further smooth section of TN\ni, then 

VxVy =Vx'Vy/_i/ t (y") -iVrVi^yi) + iV i t (y")V i t (X") 

+ ^[X",Y']-iI t ([X",I t (Y")]") 

- VlX",h(Y")]'-ihax"MY")]") 

-k(iu(X",Y')-u(X",I t (Y"))). 

From these formulae we immediate get the first part of the proposition, since we can use the above 
two formulae to rewrite u{u')\n c to obtain an operator u c (a' t ), such that the evolution of st\N c is 
determined by (10). 

Let us now use the notation Gt = G(a' t ). 

Claim 4.6. There exists a unique section G m £ C°°(N' C , S 2 (Fp ~ n Fp s )) such that 

lim G t = Goo. 

t— >oo 

In order to establish the claim, we consider a point xq E N' c and a local symplectic frame (w, v) 
of TN' around xq with the following properties: The bundles O = Span p and Q = Span q are 
complementary Lagrangian subbundles of TN' and further that p = (p',p"), such that 

Span p = Fp - n Fp - n TN'. 

Wc now observe that there is a unique complex symmetric matrix Z t (x) depending smoothly on x near 
xq, such that 

= + Z t (x)q{x) 

spans Pt(x), the fiber of the holomorphic tangent bundle of N' at x with respect to the complex 
structure induced from at. If we write Zt — Xt + iYt, where Xt and Yt are real, then from its 
definition we conclude that Xt and Yt are symmetric and Yt > 0. The decomposition p = (p',p") 
gives a corresponding decomposition of q — {q',q"). This decomposition gives the following block- 
decomposition of Z t : 



Z t = 



z (21) z (22) 



By Theorem 3.7, we have the following asymptotics: 

"0 
Z x 

as t goes to infinity, where Z^ = Xoo + iY^ and Yoo > 0. By examining the proofs of Theorem 10 in 
[A3], one sees immediately that the convergence of Pt to Fp a is a convergence in the C°°-topology on 
JV'. In particular, we have that 

Zt =Z 00 + Z' 00 r 1 +R{t). 

Let us now analyse the case where 

= F Pra = Fp-nF Pra nTN'. 
The other cases are treated completely analogously. 
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Ad 







3- 




Id J 



Let Lt be a symplectic local bundle transformations of TN' <g)C such that Lt(0) = Pt and = Id. 
In this basis we have: 

as t — > oo. Since A — > Id as t — > oo, we may assume that A is invertiblc. The symplectic transform 

'A- 1 
,-C* A* 

preserves O so we consider 

'A' 1 \ f A B\ ( Id A- X B \ /Id A^-B 



-C* A* HC* £>/ l^C-CM A^-^Bj \Q Id 
which must map O onto Pt- Hence, Z — A~ 1 B and 

Wi = Pt 2J = Pi + - V ' + ' /2 Yi i1i 

and 

^ = Pt ^2 ZtjQj p. ■ y2 - v ~ * X! -'^ 

is a basis of P t (we have here suppressed the t-dcpcndcncc of the uVs). Since P t n P f = {0} we that 
O n Pt = {0}. This follows since Pt corresponds to It and h{0) n O = {0} since is Lagrangian. 

Claim 4.7. PnP f = {0}«- dct(Z) ^ 0. 

Proof. Assume det Z ^ 0. Then there exists a non zero vector c such that 

^qZjj =0, j = 1, . . . ,n. 

i 

Hence °i w i = c *Pi thus O H P t ^ {0}. Conversely, if O n Pt ^ {0}, let c be such that 

5]]^ eOn?(-{o}. 

But then 

(km = ^ °iPi + HE e n P t - {0} 

which implies that Xi CiZij = for j = 1, . . . , n., thus det Z = 0. □ 
Claim 4.8. P t nP t = {0} i/ and or% if det Y ^ 0. 

Proof. Assume det Y = then there exist (ari, . . . , a;„) S K™ — {0} s.t. X £iYy = 0. Now, X s^Wi = 
X; a^i ^ and hence FtflA/ {0}. 

Conversely, assume P t n P t ^ {0}. Let (ci, . . . , c„) G C" - {0}, such that X Cj^i e P t n P t n TM. 
But then 

y^(cjWj - CiWi) = 0, 

if and only if 

5>x - « + *w< + c >o - + « + i( C >f + c >o) = o 

which is equivalent to 

-X! ;r ' V '.''/' + c *'^ + c i X ij1j) = 0, 

happening if and only if 

Cj = and c 4 = 

which is the case if and only if det Y = 0. □ 
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Notice that TM/O ~ Q and so 

e C°°{0,TM/0) 

is represented by Z^ in the basis (pi, . . . ,p n ) of O and (51, ... , q„) of Q ~ TM/O. By Proposition 
2.3 p. 118 in [GS], we can identify the space of lagrangian subspaces transverse to a given one O as 
an affine space associated to the vector space S 2 (TM/P), which we can identify with S 2 (Q). The 
quadratic form associated with P t becomes 

H t (qi,y z ) = (nyi,Vz), 

where n t is the projection from TN' <g) C onto Pt along O. Now Wi = n t (wi) = Z^ l Wj, and so 

H t (qi,qj) = Zr. 1 . 
Now It is determined from P t by the condition that 

P t = E(I t ,i), 



and 

Hence 

and 

which implies 
and 



Pt = E(I t ,-i). 

I(Pi) + E x y 7 fe) + i E Y ij I (9j) = '/'< + ' E - v _ E 

= E ^ (** + E = E + E ii* 1 ^. 



I(Pi) = - y EY ii q j - y £X ij I(q J ) 

= E - E ^i 1 ^ - E XiiYj'kXkM 

= E ^feVft - E + E A <^ V-Vw) 9 

This gives us the following matrix presentation 

(I(p)\ _ (-XY- 1 -(Y + XY-'X)\ fp\ 
{l(q)J { Y-i Y-ix ) [q) ■ 

A simple computational check shows that this this matrix indeed squares to — Id. Let us now 
compute the derivative of J t . 

fi(p)\ = (-XY~ l - IF- 1 —(Y - (XY~iX))\ fp 
\i(q)J \ Y- 1 Y- l X + Y- l X )\q 

Using that YY^ 1 = id we find that 
On the other hand, using 

I(wi) = iwi 

we compute that 

I(wi) = iw l - I(wi) = (ild-I)ibi 

and that 

Wi = X^q-j + '),,(!, = (Xij + iY i3 )qj = (X + iY)Y^ 1 Yq j 
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which gives 

I(w i ) = {X ij +iY ij )I(q j ) 

= *ij Y fkPk + iYijYfkPk 

= XijYf^Xuqi + iY^Y^ 1 X km . 

This gives us the following formular 

I(w) = -(X + iY)Y- l V + (X + iY)Y~ x {iY - X)q 
= -(X + iY)Y- 1 {p + Xq- Yq) 
= -{X + iY)Y~ 1 w 
= -ZY- X w. 

But I(wi) = iwi, so I(w) = iw — I(w). Now 

w = Zq = ZY~ x Yq, 

so we conclude 

I(w) = ZY^ip + Xq). 

Which implies that 

I(w) = -ZY~ x {p + Xq- iYq) = -ZY~ x w. 
Hence, with respect to the local frames we have the local matrix presentations 

/ = -ZY- 1 g C°°(P t * <g> P t ) ~ C?° (Hom(P t ,P t )) 

and 

/ = -ZY- 1 g C°°{P t * ®P t ) ~ C 00 (Hom(P t ,Pt))- 
So we have the following formula for the derivative of the complex structure 

/ = - ]T ZftYj^wt ® wf = 



So if w = ^ijW* A w* then 
so 

Define 
Then 
and hence 



Ys a ^ w kj =-Ys Y ik 1 Zkiui j 1 - 

k l,k 



Z- 1 = V + iW. 



XV -YW = id ri/ + XVK = 

V = = -WXY- 1 . 

XY~ X XW + YW = (XY^X + Y)W = id. 



Now 



(XY~ X X + Y)v = 
will imply that Yv = —XY~ x Xv which gives 

< (Yv,v) = -(XY~ x Xv,v) = -(Y~ x Xv,Xv) < 0. 

Thus (Yv, v) = and therefore v = 0. 

= -(xy^i + y)- 1 . 
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v = y- 1 x{xy- 1 x + yy 1 . 

Let (p*,q*) be a basis of T*N' dual to the basis (p u q. t ) of TN' . So u> = A q*. Let (w*,w*) be 
a basis of T*N' dual to the basis {w l ,w i ) of TN'. Then 

O* = span{pl, ...,Pn} 

and 

P t * = span{u)J, . . . , w* }. 

A short computation gives that 

w*\ _ i_ (Y~ l \ / Z -id\ (p* 
w*)~ 2\ Y- 1 ) \-Z id 

Let us now compute the symplectic form on the (w* , w*) basis. 



uJ 

i=l 



i=i 

n n n n 

= A Zijiu* + ^ it)* A Z ? ;jtL>* + u>* A ZijWj + w* A ZijW* 

l—l 4 — 1 i=l z— 1 

.7=1 J=l J=l J=l 

n 

= K A W * + u$ A <) + (w* A w* + w* Aw*))-2iJ2 < A Y tJ w* 

= -2i ]T K a y 4 >* = -2iw* a 
ij=i 

= -2iJ2Y ijW *Aw*, 
hence cotj = —2iYij. From this we see that 

Let 7r t : T*M — > P t * be the projection onto P*, whose kernel is P*, i.e. compatible with T*M = 
P t * © P t *, and let 7rJ : T*M — !> O* be the projection onto O* , whose kernel is P t *, i.e. compatible with 
T*M = O* 8 P*. Since Im(l - ttj) = Ker?r t = Ker^ = Im(l - n' t ) we see that 

TT t O 7rJ = 7r t (7Tj + (1 - 71*)) = 7T t 

and 

71^ O 7T t = Tr' t (n t + (1 - 7T t )) = 7t'. 

Let us now compute 7r t and 71* in the respective bases. We have that 

-2iY(w* + w*) = {Z- Z)p* = -2iYp* 

which implies 

(12) p*=w*+w* 
and further that 

-2iY(w* -w*) = -2q* + 2Xp*. 
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This implies 

q* = iY(w* - w*) + X(w* + W*) = Zw* + Zw*. 

So 

n t (p*) = w* = \Y-\-<f + Zp*), n t (q*) = Zw* = '-ZY'^-q* + Zp*). 
Because of (12) we see that 

ir t {w ) = p . 

and 

n' t (w*) = 

so 

n'tW) = 7r 't( Zw *) + ^(Zw*) = Zp*. 
Let us define the following operators 

D' = n' t o V 1 ' : C°°(C k ) -> C°°{0* ® L k ) 

G' = n' t o G o nt : C°° (O* ® £ k ) ^ C°° (O ® £ k ) 

D" = n' t o (V 1 ' ® Id Id t^V 1 ' ) o 7T t : C°°(0 ® C k ) ^C°°{0* ®0® C k ). 

On ker V ' 1 , we shall now compute tv{D" GD') . Hence if we have a section s of C k over N', which is 
holomorphic, we have that 

V Pi s = -V^.. g .s, 

which we will use a number of times below. From the above we have that 

2 



Wj 



Now 



and 



so 



G(w*) = -Y,Y.r k 1 Z kl Y l ji 
Wi +u>i = 2 (pi XijIj 
w l - iBi = 2i ^2 YijQj 



and therefore wc have that 



which implies 
Now 

which gives 
hence 

So 



Wi + Wi = 2p t - i ^ x ijY jk x {wk - w k ) 

k k 

iZY~ x w = 2p + iZY~ 1 w 
w = -2iYZ~ x p + YZ~ X ZY- X w 



■K' t (w) = -2iYZ~ x p, 7r t (p) = \ZY- X w. 
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and then if we use V 0,1 s = then 

n 

V 1,0 s = ^<(8)V t „ j s = -2i YikZ^Vpis^wt, 



and hence 



Now 



so 



giving 



and thus 



i=l i,k,l=l 



Write 



:,k,i=i 



G\p*)=ir' t oGo n (pl) 

= -\< (e f ^«% 71 ^ 

= -J2 Y ik 1 ^iY l j 1 Y ]r Z^ Ps 

k,l,r 

G' o D's = 2i YuZ^Y^ZrsZ-^pt <8> V Pfc s 
= 2iY J Z~ l 1 Z lk Z- t 1 p t ®V P]S 

n t o G' o D's = - J2 Zj l 1 Zi k Z^Z lr Y r - l w s <8> V Pj .s 
= GoV 1 -°s. 

(V 1 ' ® 1 + 1 ® V 1 ' ) o G o V 1,0 a = -J2 ^"/W^ ® V„,(tuO <8> V Pj s 

- ^ d ( Z jr ZrkY^iw^wl ®W t ® Vp 3 .S. 



Also, we rewrite 

V tti V P3 . S = ^J2Y^ k Z-^V Pm V PjS + Y lk Z-^Z ml Y- r x ^ ^ P] s 



k.m.l.r 



- 2i ^Yi M Z ki lV Pm V Pj s + k Y YikZ^ZmsY^uiw^Pj)* 

k,m k,m,l,r 
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which allows us to conclude 

(V 1 ' 1 + 10 V 1 ' ) o G o V 1,0 a = 2i ZjrZrkY^YuZ-lwl ®w t ® V Pm V Pi s 

- fc^J Z^ 1 ZrhY^YisZ^ 1 Z^Y^UjiWn, p 3 )wl (g)Wi<g)S 
~zZ d (ZjrZrkY^ (Wt)wf <E>Wi<E> V Pj s. 

So 

A G s = tr(D" oG'o D')s 

= - 2;^z i : /fw) ;; ; r;;;'v,. v„ , 

~ k Yl ^ik ^kl 1 ^tr 1 Z rmY~}uj(w s ,p j )s, 

here oj(w s ,pj) = -Z sj . 
Since we have that 



where 
and 

we get that 
such that 

From this we see that 



Z=Z 00 j+R(t), dot Zoo ^0. 



t ■ R{t) as t ->• oo 
t 2 R'(t) ^ as t ->• oo, 
i ■ Z^id + tiE(t) ■ Z^ 1 )- 1 = i • Z^ 1 + G(t) 
as t ->• oo. 
1 



Z-^Z- 1 = (t • Z^ 1 + G(f)) • (-Zoo • ^ + R'(t)) ■ (tZ^ 1 + G(t)) = -Zoo 1 + H(t) 
where H(t) — > as t — > oo. Hence we have obtained the formula 
(13) lim A G s = 2z V(Z°°)-. 1 V Pl V PjS 

Let now consider the first order term of u(V). 

BF - 
J22G i ' j —V j s = 2G ■ OF® V lfi s = -i Vy^Z^T^Ftwi) ® V^s 

So using V 1,0 s = we obtain 

2GdF ® V 1 ' ^ = -2 J] r^ 1 Z fei y i - 1 d J F 1 ( Wj ) <g> F^Z^V^s 

= -2^r- 1 z fei z- 1 d J F( W! ;) <g> V Pj s. 
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From this we get the following formula for 
(14) u c , t (s) = ( - 2 l Y J Z- k 1 Z kl Y lj 1 CiyV Pm ^ P] s 

~ k ^ Z Jk Z kl 1Z W 1Z r m Y m 1 s Uj{w s ,p J )s 

-2j2Y ik 1 Z kl Z lj 1 dF(w l )®V nS 
+ 4kF t s). 

where F t refers to the derivative of F t with respect to the holomorphic part of a' t . 

Claim 4.9. We have that 

• The derivative along the directions of Fp ^ fl Fp ^ of F t converges to zero. 

• The derivative of F t with respect to the holomorphic part of a' t goes to zero as t goes to infinity. 

• The function F t converges to zero, as t goes to infinity. 

Proof. The claim follows directly from the equations which defines F t when combined with Theorem 
3.7. □ 

From these two claims it follows immediately that u c (a' t ) has a limit, say m Cj00 as t goes to infinity, 
and in fact 



Claim 4.10. We have that the kernel of u c ,oa consists of sections that are convariant constant along 

Proof. We observe that Goo induces a Hcrmitian structure on the leaves of Fp - n Fp a n TN' and 
that Aq^ is the corresponding Laplace-Beltrami operator associated to the restriction of V to the 
directions of Fp 5 n Fp - n TN'. But then it follows immediately that the kernel of are exactly 

the covariant constant sections of V along the directions of Fp ~ D Fp -. □ 

Theorem 4.5 now follows directly from Claim 4.6, 4.9 and 4.10 together with the above derived 
formulae. □ 

Theorem 4.11. In the cases (1) — (3) above and for P any admissible system of curves on £, there 
exists a limiting linear map 

(15) Poofo.P) 4*^. 

Proof. Assume E(i) is a solution to 

E'(t) = -P(t)E(t) 

where P(t) = [u c t, •] and E(t ) = Id, where t is some starttime. We further let P^ = P(oo) = [u c ,oo> ']• 
Let now Q(t) = e^ ^ E{t). Then 



Q'(t)=E( t - t °) p °°(P 00 -P(t))E(t), 



24 



J0RGEN ELLEGAARD ANDERSEN 



SO 



Q(f) = Id+ f e^-^iP^ - P(s Q ))E(s )ds , 

Jta 

E(t) = e -(*-*o)Pcc + [ e -^ p '-(P oo -P(s ))E(s )ds 

ri 



. e -(t-to)Pco _|_ 



f e -(tso)P~( Poc _ p {so))e -(so-to)P dsQ 

J t 



1 1 

ft fSo 

+ e-^-^-iP^-Piso)) e-^-^^iPoo-Pist^Eis^dsxdso. 

J to J t o 

Iterating this construction we arrive at the following formula 

(16) E(t) = £ / e-(*- s °) p »(P 00 - P( S o))e- (s °- Sl)P -(Poo - P(ai)) 

n=0 JA n (t,t ) 

(17) 

• • • (Poo - F(s„-i))e-( s "- 1 - t °) p ~ ds„_! . . . ds , 

where 

A„(i, f ) = {(s , • ■ • , S„_i) G R" | t < Sn-l < Sn-2 < ' ' ' < S < *}• 

We need to justify the convergence of the series (16). First we observe that 

vol(A„(Mo)) = 

71! 

From the above we have that 

\Poo-P(t)\ <ct a 

for all t € [to, oo), where a < — 1. This allows us to show that (16) is absolutely summable. For large 
enough to wc will get that \e~ tPaa \ = 1 for all t < to- So then 

| f e -(*-«o)^ (Poo _ P(so)) . . . (Poo _ P( s „_ 1 )) e -( s »-i-*) p ~d s „_ 1 . . . ds \ 

JA„(t,t ) 

< c n | / Sq •••s"_ 1 ds n _i...dso| 

JA n (t,t ) 



n! \ a + 1 a + 1 
Hence, we see that (16) is summable and 

|£?(*)| < 6"^-+^ 
Note that the estimate converges to e "+ 1 as t —> oo. 
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Let us now show that E(t) is a Cauchy sequence as t — > oo. Let ti > t% > to. Then 

OO r. 

\E(h) - E(t 2 )\ < |£ / (e-^~ - e - t ^») e ^ p (0 oc - P(a Q )) ■■■] 

n J A„(To,U) 



n=0 JA n (T 2 ,t 2 ) 

OG „ 

+ \J2 e-^- s ^ p -(P-P(s ))---\ 

n=0 JA„(ti,t )-A„(t 2 ,to) 

ct° + 1 Ctj+ 1 

< |e~* lP °° - e~ t2P °°\e ~e~ 



+ |e "+ 1 — e °+i |e "+ 1 , 

which can be made arbitrary small provided t\ and t 2 are large enough giving the Cauchy condition. 
Hence E(oo) exists. Moreover, by dividing by \ti — t 2 \ and letting t 2 ^rt\. We see that |P'(i)| can be 
made arbitrarily small, provided t is large enough, hence E'(t) — > as t — > oo. But then we get that 

PooE^) = 0, 

proving LhlE(oo) C kcrPoo. It is clear that E(t) defined this satisfies the required equation. The 
theorem now follows from Claim 4.10. □ 

Suppose we now have sp £ H^p \ Then we get an induced linear functional on given by 



S H S ) = ^2 {s(x),s P (x))Vol aub (x), 



where Volo-^b is the volume form on hp(b) induced by the metric on N associated to at- Now let 
sp. at G Hat be the state associated to this functional, 



(s,S P , at ) = S P {s), 



for all s £ 



Proposition 4.12. We have the following asymptotics in Teichmiiller space: 

lim P 00 (a t ,P)(sp itTt ) = s P . 

t—>oo 

Proof. This Theorem follows by the same qrgumcnts as in [All], since the effect of degenerating the 
complex structure is after a local coordinate change equivalent to the large k limit considered in 
[All]. □ 

Corollary 4.13. In the cases (1) — (3) above and for P any admissible system of curves on E, the 
map (15) is an isomorphism. 

Theorem 4.11 and this Corollary 4.13 implies Theorem 1.6. 

5. The four punctured sphere case 

Suppose S is a 2-sphere, and that R consists of four points on S. Let £ = £ — R. Assume that we 
have a labeling c : R — > [—2, 2]. Suppose we are given two transverse pair of pants decompositions P\ 
and P 2 of E. Then Pj = {7^}, where 71 and 72 are two transverse simple closed curves on E. We will 
use the notation hi = hp i . 

Choose an ordered subset R' of R of cardinality three. In this case we have the identity 

f = C-{0,1} 

obtained as follows. For each a, there is a unique z £ C — {0, 1} and a unique biholomorphism from 
(Eg-, R) to (CP 1 , {0, 1, 00, z}) and which maps the ordered set R 1 to the points {0, 1, 00} on CP 1 . 
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In the following we determine the moduli space of flat connections on a four punctured sphere. 

In stead of calculating the moduli spaces purely gauge theoretic we will make heavy use of the 
identification of the moduli space of flat connections on Eg with the character variety .M(Eg) = 
Homfa (£„,„), SU(2))/SU(2). 

There are many ways of calculating these moduli spaces. We could use the Morse theoretic approach 
as [Th], or we could use pair of pants decomposition of Eg into two pair of pants glued along a circle, 
and calculate the fundamental group as an amalgamation of fundamental groups of two fundamental 
groups of a pair of pants. We will however calculate it by specifying specific curves, and use them to 
define coordinates in .M(Eg) by using trace. 

Let A, B, C, D be four curves on Eg- each of which encircles a puncture. Then 

7n(S ff ) = (A, B,C,D\ ABCD = 1) . 

We define seven coordinates on the moduli space, each for one of the trace of holonomies around 
the punctures a = Tr(p(A)), b = Tr(p(B)), c = Tr(p(C)), d = Tv(p(D)) and one for each of the 
belts dividing Eg into two pair of pants x = Tr (p(AB)), y = Tr(p(BC)) and a last for the diagonal 
z = Tr(p(AC)), where p is a SU(2)-representation of 7ri(Eg). It can be shown ([Ma]) that these 
functions satisfy the equation 

(18) x 2 + y 2 + z 2 + xyz = (ab + cd)x + (ad + bc)y + (ac + bd)z - (a 2 + b 2 + c 2 + d 2 + abed - 4). 

If the holonomies, (p(A) , p(B) , p(C) , p(D)) , around A,B,C,D are fixed subject to p(ABCD) = Id, 
the moduli space ^V(p(A),p(B),p(C).p(D))(5'5') is the zero-set of the polynomial (18) in [— 2,2] 3 . For the 
permitted (a,b,c,d) G (— 2,2) 4 all moduli spaces are topologically spheres. In the six boundary cases 

(a, b, c, d) G {(2, 2, t, t), (2, t, t, 2), (2, t, 2, t), (t, t, 2, 2), (t, 2, t, 2), (t, 2, 2, t), t G [-2, 2]}, 

the moduli spaces are just points - this corresponds to the case where two of the punctures has been 
filled in, and we consider the space of flat connections on a circle with specified holonomy t G [—2, 2] 
- which is exactly a point. 

Remark 5.1. For a more detailed study of the moduli spaces mentioned in the above examples see e.g. 
[Gol]. 

Let us now consider the moduli space of parabolic vector bundles on Eg-. By the Mehta-Seshadri 
Theorem and the calculations above this moduli space is generically a 2-spherc. 

Let E — > Ear be a stable parabolic vector bundle of parabolic degree on Eg and let L C E be a 
proper subbundlc. 

From above we have 

pdeg L = deg L + ^ wi (p) 

= deg L + s p- s p 

L p =E p L p ^E p 

= deg L + 2 Y s p - X] s p 

p&R p£R 
L p =E p 

For E to be parabolically stable pdegL < so we get the following bound on the degree of L: 

deg L = pdeg L + ^ s p - 2 ^ ^^2 s p- 

peR peR p£R 

L P =E~ 

Sincc dcgE = the Grothendieck classification of vector bundles on P 1 give that E ~ 0(k) © 0(—k) 
for an integer k G N. 
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If L = 0(k) the restriction on degree gives k < ^2 pGFt s p . Now since there are four marked points 
and each of the s p are less than i we get that k < 2. Thus there are only two options 

E~0®0 or £~0(1)©0(-1). 

Having analyzed this moduli space, we now turn to its quantization and the associated Hitchin 
connection. In particular, we will below identify the Hitchin connection explicitly with the TUY 
connection in the bundle of conformal blocks in this case of a four holed sphere. Hence let us first 
recall the sheaf of vacua construction from [TUY] . 

Suppose q is a Lie algebra with a invariant inner product , which we will normalize such that the 
longest root have length \f2. Let 

B = C- {-1,0,1} 

and let C = B x P 1 , which the canonical sections Si : B — > C, i = 1, 2, 3, 4 determined by 

si(t) = -1, s 2 (r) = 0, s 3 (r) = 1 and s 4 (r) = r, 

for r G B. Let J- = (C, B, si, S2, S3, S4) with the natural formal neighbourhoods induced from the 
canonical identification P 1 = C U {00}. Let 

N 

g(F)=Q®c H°(C>0c(*$>i)) 

3=1 

and recall from [TUY] that the sheaf of conformal blocks over B are given as follows 

V A i(J") = {(*| G O b ® I (* = 0} 
where is the heighest weight integrable g-module and 

As it is proved in [TUY] , we get that the restriction map from to = V\ induces an embedding 
of the sheaf of conformal block in genus into trivial Unbundle: 

V\{F) ^Bx (U£) fl . 

Under this identification, the TUY-connection in the sheaf of conformal blocks gets identified with the 
KZ-connection infix (U£) s , which we now recall. Let fiy is the quadratic Casimir acting in the i'th 
and j'th factor. Suppose that (Ji, J2, J3) is an orthonormal basis of q, then 

3 

n = Ji ® Ji 

i=l 

So if pi : SU(2) — > Aut(V^ ; ) and p\ : g — > End(VAi) are the representations of SU(2) and g, and we 
embed them into Aut(U\i <8> • • • ® V\ 4 ) and End(V^i <8> • • • <E> V\ 4 ) in the usual way, then 

Oij = pi (8) Pj(fi). 



The KZ-connection is then given by 



where 



Y7KZ / 9 . 

V_a_ = \7_s_ - a( — j. 

8t St OT 



9t r t — 1 r + 1 
We will now produce a geometric version of the KZ-connection. 

The invariant inner product on the Lie algebra q induces a natural symplecitc structure on the 
coadjoint orbits. Let t) C g denote the Cartan subalgebra and denote by X\ the coadjoint orbit 
through A G f)*. If we use the right normalization of the inner product, we have that X\ is quantizable 
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if and only if A is in the weight lattice. Let G = SU(2) and assume that A is a dominant weight. We 
get a prequantum line bundle C x —> X\, and the action of SU(2) lifts to this line bundle. Furthermore 
there exists a SU(2)-invariant complex structure on X x . It follows from the Bott-Borel-Weil Theorem 
that the representation of SU(2) on H°(X X , C x ) are the one determined by A: 

V X ^H°(X X ,C X ). 

The action of q on V x can be described explicitly: we have an infinitesmal aciton of q on X\ given by 

q^X(Xx) given by £ >-> 
We then have that the action of g on V\ is described by 

£(s) = V l5 s + 2^(e).s 

where s £ H°(X X , C x ) and fi(£) is the moment map evaluated on £. We remark that the action of g 
is given by first order differential operators. 

Let us now consider the situation where we have four dominant weights A = (Ai, A2, A3, A4), and 
consider the exterior tensor product 

C x = pt (C Xl ) ® p* 2 (C X2 )®p* 3 (Cx 3 )®Pt (C Xi ) 

which is a line bundle over 

X = X Xl x X X2 x X X3 x X X4 . 
Thus we get a representation of SU(2) on 

H (X, C x ) = H° (X Xl , C Xl ) <g> H° (X X2 ,£\ 2 )®H° (X Xa , C Xa ) ® H {X Xi , C Xi ) . 
We are interested in the invariant part 

Vf = H°(X,C X ) SV W. 

We can provide an alternative description of by applying the idea that quantization commutes 
with reduction: Consider the moment map for the diagonal action 

H : X Xl x X X2 x X X3 x X Xi q* 

given by 

4 

i=l 

Now we consider the symplectic reduction 

M = /i- 1 (0)/SU(2), 

which have an induced complex structure from X. Furthermore there exists a unique line bundle 
Cm -> M s.t. 

P*(£m) = £xU _1 (o) 
where p : /i _1 (0) — >■ is the projection map. 

Theorem 5.2 (Guillcmin & Sternberg). Quantization commutes with reduction, i.e. 

V G ^H°(M,C M ). 

Now we consider the genus surface S with 4 marked points x±,...,X4. We assume that wc 
are provided with an identification £ = P , s.t. (xi,X2,Xs) are mapped to (—1,0,1) and X4 to 
r £ P 1 — { — 1, 0, 1, 00}. We assume that we have dominant weights Ai, . . . , A4 attached to xi, . . . , X4. 
The KZ-conncction is defined as a connection in the trivial bundle 

= (v Xl ®---®v Xi f. 
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As stated above, the KZ-connection is described by the specific 1-form: 
where 

9 ri 4 i o 43 
«(«=) = — 



dr t t — 1 r + 1 
From this we see that each of the operators fiy become second order differential operators on X acting 
on such that they globally preserve . Let u KZ = « KZ (^). We now describe the resulting 

connection V acting on the trivial H°(A4, £A4)-bundle over P 1 — {0, 1, 00}: 

V = V*-u 

where u is a 1-form on P 1 — {0,1, 00} with values in differential operators on Jvi acting on Cm- 
Explicitly we get a formula for u(-^) by considering 

X D M -1 ^) — >■ M 

and the splitting: 

T x ^\0) = T x (Gx) © (T x (Gx)) ± = T x (Gx)®p*(T x M). 
of the tangent space of /^ -1 (0) into a 3-dimensional and a 2-dimcnsional subspace. Furthermore, we 
have that 

T x X = I{T x {Gx))@T x iT 1 (Q) 
where I is the complex structure on X. On G-invariant section of which are also holomorphic, 
i.e. VP, we see that the derivatives in the direction of T x {Gx) and I(T x (Gx)) vanishes, hence we 
can rewrite the action of it KZ as a second order differential operator which only differentiates in the 
direction of (T(Gx)) ± . Since we have G-invariance, we get this way an expression for u(-§^) as a second 
order differential operator. 

Proposition 5.3. The symbol of the second order differential operator u(J^) is holomorphic, i.e. 

a(u(-^))eH°(M,S 2 (T)) 

Proof. We observe that 

S 2 (T) S 0(4) 

under the identification of M. = P 1 . Next we observe that u KZ g H°(X, S 2 (T)) which then gives the 
stated result by reduction. □ 

We now compare this geometric version of the KZ-connection with the Hitchin connection. Since 
{M.,uj, I) is isomorphic to P 1 as a complex manifold, we know there exists a smooth family of complex 
isomorphisms 

$ r : (M,I) -> P 1 

varying smoothly with r G T ■ By comparing Chern-classes, we see that 

K(£m) = o(k M ) 

as holomorphic line bundls, for some fcx € Z independent of r € T. From this we also get 

g t = $; (g J g ^(pS^^tp 1 )) s f°(p 1 ,o(4)). 

We observe that 

S*2(i? (P 1 ,O(2))) S iJ°(P 1 ,C(4)) 
as representations of SL(2, C). Here we think of S 2 (H (F 1 ,O(2))) as quadratic forms on ^"(P 1 , 0(2)) 
and Sq mean trace zero such. 
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Theorem 5.4. There exists 

* : T -> SL(2,C), 
smc/i t/iai if we define i> T = \]>( T ) o $ T and Zei 

G r = $;(G(^ : ) T )ei? (P 1 ,O(4)) 
G T = a(A(^)). 

Proof. We consider S"^ (if (P 1 , (2))) as a representation of SL (2, C), where we think of S^(#°(P\ 0(2))) 
as quadratic forms on ff (P 1 ,O(2)) = J ff°(P 1 ,TP 1 ), hence we consider elements of S^(H (V 1 ,O{2))) 
as symmetric symmetric traceless 3x3 complex matrices on which SL(2, C) acts by conjugation. We 
have that two symmetric traceless 3x3 complex matrices are conjugate if and only if they have the 
same eigenvalues. An explicit computation shows that G T and er(u(J^)) has the same eigenvalues, 
hence we can find the required map \I r . □ 

Since is such that the two symbols of the two second order differential operators defining the 
Hitchin connection and the geometric KZ-connection have been aligned, it follows from the form the 
Hitchin connection has, in order to preserve the subbundle of holomorphic sections that $ must take the 
Hitchin connection to the KZ-connection. We further see that the Bohr-Sommerfeld decomposition 
corresponding to the limiting real polarizations, when r approaches —1 and 1, corresponds to the 
factorization decomposition for the covariant constant sections of the sheaf of vacua constructed in 
[TUY]. 

Theorem 5.5. If P\ and Pi are pair of pants decompositions related by an elementary flip on a 
four-punctured sphere, then [•,-]p 1 ,ct an d ['j']pi,<t are projectively equivalent. 

Proof. The projective equivalence is obtained by the tensor product of the parallel transport discussed 
above on the four-punctured sphere in question with the identity on the complementary part in the 
factorization. The fact that this is a projective equivalence follows from the above arguments identifying 
the parallel transport of the Hitchin connection with the KZ-connection, which by the results of [AU1, 
AU2, AU3, AU4] know is an isometry, since the corresponding flip transformation in the Rcshctikhin- 
Turaev TQFT is an isometry. 

□ 

6. The once punctured genus one case 

Consider the specific case of a torus with a single puncture, E§ (in the notation above). Let N Co be 
the moduli space of flat connections on Eg with cq £ [—2, 2] the holonomy around the puncture. The 
generators of the fundamental group are the curves a,b,c being the longitude, meridian and a small 
curve around the puncture. The fundamental group of Eg- is 7ri(Eg) = (a, b, c | aba~ 1 b~ 1 = c). 

Let p : 7Ti(£cr) — > SU(2) be a SU(2)-representation of 7Ti(Eg.). Define A = p(a), B = p(b) and 
C = p(c). We describe the moduli space by determining each of the fibers of the trace Tr : N — >• [—2, 2]. 

The case where C corresponds to minus the identity (i.e. Tr(C) = —2) is the same as removing 
the puncture. Now since a, b commute in 7Ti(Eg) wc have AB = BA. Every element of SU(2) can be 
diagonalized, so as SU(2) acts on the representation variety by diagonal conjugation we assume A to 
be diagonal. Assume also that A has distinct eigenvalues. Then the only element B that commutes 
with A are diagonal matrices. Hence A and B can be simultaneously diagonalised to be elements of 
S 1 . We can however still conjugate A and B by elements of the Weyl group and still stay within 
S 1 C SU(2) (this amounts to changing the order of the eigenvalues), so iVi(Eg.) = S 1 x 5 1 /Z 2 . In 
the case of A or B not having two distinct eigenvalues the above description is still valid; generally 
however these non-generic cases correspond to singular points of the moduli space. 
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Let o, b, c be curves as above. The trace provides coordinates on the moduli space, so let p be a SU(2)- 
representation of the fundamental group, and define x = Tr(p(a)), y = Tr(p(6)) and z = Tr (p(ab)). The 
moduli space is a subset of [—2, 2] 3 carved out by the relation from the presentation of the fundamental 
group. Now fix the holonomy around c to be C € SU(2). By the relation ABA~ 1 B~ 1 = C, and it is 
a simple check that the following identity is satisfied for any A,BG SU(2): 

(19) Tr(ABA~ 1 B~ 1 ) = Tt(A) 2 + Tr(B) 2 + Tr(AB) 2 - Tr(A) Tr(B) Tr(AB) - 2. 

In other words the moduli space with fixed holonomy around c is 

N ca (£a) = {{x, y, z) G [-2, 2] 3 | x 2 + y 2 + z 2 - xyz - 2 = c }, 

which is topologically a sphere, for all values of Cq € (—2, 2]. 

We expect that we can find an argument completely parallel to the one given above in the genus 
zero case, since the moduli space is again a sphere. However we do not strictly need this, since by 
[AU3] , we know that the genus zero part of a modular functor determines S'-matrix, which is the need 
equivalence in this case. By the result of the previous section, we know that the quantization of the 
moduli spaces of does indeed give a modular functor which in genus zero is isomorphic to the one 
constructed in [AU2] for the Lie algebra of SU(2). Hence we have the following theorem. 

Theorem 6.1. If Pi and Pi art pair of pants decompositions related by an elementary flip on a once 
punctured torus, then [v]Pi,cr and ['i'\Pa,<ro are projectively equivalent. 

7. Well-definedness of the projective Hermitian structure 

We recall the setting from the introduction, where £ is a closed oriented surface of genus g > 1 and 
P is a pair of pants decomposition of S. Recalling the map (1), we define the representative [•, -]p of 
(•, determined by P by the formula 

k.aa]^ = (Poo(ao,P)( S i),Poo(ao,P)Gs 2 ))^, 

for all s 1 ,s 2 € H$ . 

Theorem 7.1. The Hermitian structure [■, -]p ^ is projectively preserved by the Hitchin connection. 

Proof. We consider two arbitrary complex structures o\ and oi. Parallel transport along any curve 
from (7i to 02 is invariant up to scale under perturbation of the curve, hence the curve can be deformed 
to the canonical curve from o\ to P and composed with the reverse of the canonical curve from oi to 
P without changing the projective class of the parallel transport. But by the definition of [■, -]p, the 
result now follows. □ 

Theorem 7.2. For any two pair of pants decompositions P\ and Pi on S, any complex structure on 
a on £ and any level k, we have that [-,-]^ and [vlp induce the same projective unitary structure 
on H( k K 

Proof. This is an immediate consequence of Theorem 5.5 and 6.1. □ 
8. Comparison with the L 2 Hermitian structure 

In order to analyze the large k asymptotics of the Hermitian structures [v]p > we return to the 
map 

hp : M -> [-2,2] 3 ^ 3 . 

We now compose this map with the inverse of the map from [0, 1] to [—2, 2] given by t M> 2 cos(t7r to 
obtain the map 

hp-.M^f [0,l] 3ff ~ 3 . 
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Define 

V = {ze [0, l] 3ff ~ 3 | Vv G V Fp , z(v) G T}, 

where 

T = {zi, z 2 ,z 3 G [0, 1] | |zi - z 2 \ < z 3 < zi + z 2 , z 2 + z 2 + z 3 < 2}. 
In [JW], the following Propositions is established. 
Proposition 8.1. We have that 

h P (M) =V. 
Now we define the function Gp : M C by 

Gf = o hp 

where H ^ : T> — > R + is a function we determine below. In order to extend Gp from being defined just 
at the pair of pants P to being defined also for points in the interior of T, we introduce the following 
bundles. Let C = Tx C°°(M). We define a subbundle A/^ fe ' of C whose fibers are 

N [k) =ker(Tj fe >) 

for a G T and where 

(20) T (k) : C°°(Af) -> End(i4 fe) ) 

is the Toeplitz map given by 

/ T« = tt« o M,. 

Here tt! is the orthorgonal projection onto H a (M a , L k ) and Mf : C°°(M) -> C°°(M) is the multi- 
plication operator 

M/(s) = /,s 

defined for all s e C°°(Af, and any / G C°°{M). Now we introduce the quotient subbundle 

C {k) = C/N {k) . 

Since the Toeplitz map is surjective [BMS], we know that is a vector bundle over T which is 
isomorphic to End(iJ ( -' c ^) over T via the linear bundle isomorphism T^ k '. 

Let C|°(M) be the subspace of C°°(M) consisting of the real valued functions. We let A/r C Af^ 
and C C^-* consist of the corresponding subbundles of real valued functions 

Theorem 8.2. Hermitian structures on H^ k ' are under the isomorphism T^ k ' in one to one cor- 
respondence between smooth sections of over T . The subset of Hermitian structures which are 

(k) 

projectively preserved by the Hitchin connection are in one to one correspondence with sections of 
which are preserved projectively by a certain flat connection acting on smooth sections of . 

Proof. Suppose G : T C|°(M). Then wc get a Hermitian structure on by the fomula 

(si, s 2 )g, <t = / (si,s 2 )G a — . 

Jm n! 

We see that (•, -)g is projectively preserved if an only if 

ni k) V[G] +tt^Gu(V) +n^u(V)*G = c CT Id 

for all vector fields V on T and where c is some c G C°°(T). Now a simply rewrite of this formula 
using the techniques from [A6] gives an explicit formula for D^ k \ □ 
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Let P be a pair of pants. We now introduce a top form on the fibers of hp as follows. We use the 
symplectic form to provide an isomorphism, at a generic point, between the top exterior power of the 
cotangent bundle along the fibers and the top exterior power of the tanget space to T> at the image of 
the point under hp. Over T> C [0, l] 3 s~ 3 we have a canonical section of the top exterior power of the 
tangent bundle, which wc use to induce a volume form on the fibers. We denote the fibcrwisc volume 
form Qp,b- For each of the Bohr-Sommerfcld fiber b of hp, we introduce a projection operator 



^ b :C°°{h- p \b),L k ) 



H 



(fe) 

P,b> 



where Hp^ is the subset of Hp 1 consisting of covariant constant sections with support on h p L (b) 
associated to the inner product on C x (hp 1 (b) , C k ) given by 



r(fe) 



We can now define 



as the composite 



Now we let 



(si,s 2 ) 



(fe) _ 

P,b — 



5i, S 2 )flp,b 



T p k) : C°°(M) -> End(£Tp* 



b&B k (P 



kcrT 



(fe) 



and 



where A/k,p is the real part of Afp. 
Let 



,(fc) 



C°°(M)/Mi 



P t c (<j ,P):C 



(fe) 



,(fe) 



a ^ 



be the parallel transport with respect to the connection D^ k \ Now we introduce a sub-bundle C^ D of 

whose fiber over a a G T consists of those equivalence classes of functions which at under T„ is 
taken to operators which acts diagonally with respect to the direct sum decomposition 

H^= PoofoP)- 1 ^). 
fees?' 

Theorem 8.3. The operators P t (co, P)L(*o /*as a well-defined limit 



P^o,P)\ 



>(fe) 



which is an isomorphism. 

This theorem follows immediately from the above results. 

Using the function Gp\ we can extend (-,-)p to a Hermitian structure on C°°(M, C k ) via the 
formula 



(si,s 2 )p ) 



, ,!IL 

\Sl,S2/<Jp Ti 



for si,s 2 6 C°°(M,£ k ). 
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We define the representative [-, -]p^ of (-, -)' fe ' determined by P by the formlua 

for all Si,S2 G . We observe that wc can embed into the trivial bundle C°°(M) x T, where 
it maps onto the functions which are orthogonal to the subbundle N^ k \ This allows us to define 
: T->C°°(M) which is orthogonal to N^ fc ^ and such that it projects to a covariant constant 
section of C^ D and limits to Gp at P, where we have chosen H^> = 1. From the construction, G^ 
seems to depend P, but since by construction we have the following theorem, it actually does not. 

Theorem 8.4. We have that 

J M m - 

for all Si, s 2 G and all a G T. 

Now we simply just need to observe that there is an asymptotic expansion of G^ in terms of 1/k 
by its very construction and by Claim 4.9 we further the theorem below and Theorem 1.11. 

Theorem 8.5. The Hermitian structures [•, -]p^ on are uniformly equivalent to i.e. for 

each (To G T, there is a constant cp GQ such that 

c P ]j \s\ L i < \s\ PttT0 < c P ^ \s\ L 2 

for all s G Hao ■ 
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